Low frequency ground or structure-borne sound and vibration emission from urban rail transport systems can be greatly reduced by reducing the stiffness of the rail fastening. Estimates and models of the efficacy of such systems require accurate measurements of their dynamic stiffness over the frequency range of interest, and European Standards make recommendations for such measurements. This paper describes these methods and their shortcomings when applied to modern complete assemblies with low stiffness, one problem of which is the contribution of inertial forces at frequencies approaching and above the natural resonance of the system. This paper suggests a method for correcting for this inertial force, and tests this correction with the driving point method of dynamic stiffness measurement when applied to the Pandrol VANGUARD resilient rail fastening. The preliminary tests effectively triple the frequency range of valid measurements, a result which could be improved when applied to stiffer systems or with further improvements to the test equipment. International Standard ISO 10846-1:1997 [3] describes "Laboratory measurement of vibro-acoustic transfer properties of resilient elements", and its methods were adopted within European Prestandard ENV 13481-6:2002 [4] ("Track performance requirements for fastening systems -Part 6: Special fastening systems for attenuation of vibration") which makes recommendations for, amongst other things, accurate and consistent measurement of the dynamic stiffness of railway fastenings.
INTRODUCTION
Urban rail transport systems are a common cause of low frequency noise and vibration pollution [1] . Increasing demand and new habitation near the railways coupled with tougher national and international directives require solutions of greater performance. One method of reducing ground or structure-borne sound and vibration is to reduce the dynamic stiffness of the rail fastenings, which provides effective isolation of the structure from lower frequencies [2] .
European standards [3,4] make recommendations for accurate and consistent measurement of the dynamic stiffness of railway fastenings between 25-400 Hz using the direct, indirect or driving point methods. However these methods either have practical experimental difficulties or are complicated by the presence of system resonances within the specified measurement range. This paper discusses the problems of employing these methods with complete assemblies with low stiffness, and presents possible solutions, including minimising the mass of the test rail specimen and correcting for the inertia of not only the measurement system but also of the test rail specimen.
The standard states that for dynamic stiffness measurement, the direct method (ISO 10846-2) or the indirect method (ISO 10846-3) should be used to measure the dynamic stiffness between 25-400 Hz.
Although not mentioned in ENV 13481-6, ISO 10846-1 discusses another method called the driving point method (ISO 10846-5), which is very similar to the direct method, but is only valid for frequencies where the inertial forces in the resilient element are small compared to the elastic forces. Each of these methods is briefly described below. Figure 1 shows a schematic of the apparatus used for the direct method of dynamic stiffness measurement in order to conform to ENV 13481-6:2002. A fastening system is placed between a short section of rail on the input side and a rigid termination on the output side. The system is isolated from the test rig with an isolation spring of much lower stiffness than the fastening system. Static preload is applied through the isolation springs. The system is then excited with a harmonic excitation at the railhead. The blocking force F 2 is measured on the output side using a force transducer. The input acceleration ü 1 , velocity u . 1 or displacement u 1 is measured at the railhead. The frequency dependant dynamic transfer stiffness k 2,1 (ω) can then be calculated from,
Direct Method
(1)
The high frequency limit of this method is given by the properties of the test rig structure. The blocking force assumes that displacement on the output of the fastener u 2 is zero. In reality this is not true due to the inertia of the foundation on the force transducers at low frequencies and flanking transmission through the rig frame to the foundation at high frequencies. Equation (1) is only valid if the acceleration level at the railhead is 20 dB higher than the acceleration level at the output. Figure 2 shows a schematic of the apparatus used for the indirect method of dynamic stiffness measurement. With the indirect method, the fastening system is placed between two massive blocks. The blocks are isolated from the test rig using soft springs. As with the direct method a static preload can be applied through these springs. Vibration excitation is applied to the upper block and the displacements of each block are measured, allowing the dynamic transfer stiffness to be calculated from, This method is only valid when u 2 << u 1 and the frequency range of valid measurements depends on the mass of the lower block and stiffness of the test rail fastening [5] .
Indirect Method

Driving Point Method
The driving point method ( Figure 3 ) can be achieved on the same rig as for the direct method. However only the force on the input side F 1 is measured. At low frequencies, because the inertial forces in the system are small compared to the elastic forces, the dynamic transfer stiffness is approximately equal to the dynamic point stiffness k 1,1 ,
Again the frequency range of this method is limited by the properties of the test rig. Furthermore the frequency is limited by the properties of the fastening system itself. If at high enough frequency the inertial forces of the moving mass, or the internal mass of the resilient elements in the system become comparable to the elastic forces, equation (3) no longer holds.
APPLICATIONS OF THE METHODS TO LOW STIFFNESS RAIL FASTENINGS
The methods described in the International Standard and adopted into the European Prestandard were not originally developed with soft rail fastenings in mind, and thus there are complications inherent in each method when applied to very soft rail fastenings. Valid results can be achieved with the above methods for individual resilient 
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Schematic of the apparatus used for the indirect method.
Vibration exciter
Static preload & isolation
Acceleration measurement
Rail fastening system
Figure 3
Schematic of the apparatus used for the driving point method.
rail pads, but complete assemblies such as the PANDROL VIPA assembly (which is a dual resilient system with a steel plate between two soft pads) and the PANDROL VANGUARD assembly (in which the rail is supported under the railhead by rubber blocks) are very soft systems (static stiffness approximately 20 kN/mm and 5 kN/rnm respectively) which combined with the moving mass of system (the short section of rail specified by ENV 13481-6:2002) produce system resonances within the frequency rage specified by the standard, making it difficult to accurately measure their dynamic stiffnesses.
In 2000 Müller-BBM measured the dynamic stiffness of the VANGUARD resilient baseplate system using the direct method for static preloads of 7.5 kN to 25 kN [6] . Using the correction for the inertia of the foundation, results were presented throughout the full frequency range. However it was seen that there was a steep rise in the dynamic stiffness at 160 Hz. It was thought that this was due to a resonance of moving mass on the stiffness of the VANGUARD fastening system.
The indirect method allows the dynamic stiffness of a rail fastening to be measured across a wide frequency band without the inertia effects of the moving mass and internal mass of the system reducing the accuracy of the results. However in order to achieve valid results within the required frequency range the mass m 2 has to be prohibitively large, whilst supported on soft isolators which must also provide a stable test bed under high pre-loads. Henceforth it is desirable to find a method of accurate measurement of dynamic stiffness on a smaller more practical rig such as the direct method rig.
The driving point method is relatively simple to use since it does not require an array of force transducers to measure the blocking force, nor does it require a very large mass supported on soft springs. Problems arise with the driving point method due to the mass of the moving parts of the excitation system and unlike the direct method cannot measure a true transfer stiffness between the input and output of a resilient element as the inertial forces of the complete system may become large compared to the elastic forces at high frequencies. At frequencies approaching and above the natural frequency of the moving mass on the stiffness of the assembly, a true measure of the dynamic stiffness of the assembly cannot be made directly due to the dominance of the inertia of the moving mass in this region. However, if this inertia of the moving mass can be measured, it is hypothesised that it could be subtracted from the measured dynamic stiffness to give the dynamic stiffness of just the test component. The rest of this paper is concerned with testing this hypothesis with the driving point method. For this experiment it shall be assumed that the internal mass effects of any resilient elements in the system are negligible within the required frequency range. Hence the use of the driving point method rather than the direct method is appropriate.
INERTIA CORRECTION FOR THE DRIVING POINT METHOD Equation (
3) states that the measured point stiffness k 1,1 is approximately equal to the transfer stiffness k 2,1 . However, this is only true for low frequencies where the inertial forces in the system are much less than the elastic forces. At higher frequencies, the measured point stiffness also includes the significant inertial forces of the moving mass. Furthermore, when the stiffness of the test system is low such that the isolator stiffness is not negligible, the measured stiffness is more accurately approximated by,
where −ω 2 m 1 is the dynamic stiffness of the moving mass of the system, k i is the stiffness of the isolation spring and k 2,1 is the true dynamic stiffness of the fastening system. Figure 4 shows a plot of the magnitude of the dynamic stiffness against frequency from Equation (4), assuming k 2, 1 = 5 kN/mm, k i = 1 kN/mm and m 1 = 18.7 kg. Also a hysteretic loss factor of 0.2 is assumed for each resilient element. The dynamic stiffness of each of the three elements is also plotted individually in . For simplicity the stiffness of each resilient element is assumed independent of frequency and no account for preload has been made. It can be seen that at low frequencies the total dynamic stiffness tends to the combined stiffness of the isolation spring and the fastening system. At high frequencies the total dynamic stiffness tends to the stiffness of the moving mass. At approximately 90 Hz there is a trough in the total dynamic stiffness that corresponds to the resonance frequency of the moving mass on the stiffness of the rail fastening system. From 0 -20 Hz the dynamic stiffness remains constant. However above 20 Hz the dynamic stiffness begins to drop due to the effect of the system resonance. Therefore, if this were a real case, the measurements would only be valid up to approximately 20 Hz. If the frequency dependent dynamic stiffness of the isolated mass m 1 and isolator spring k i can be measured independently from the stiffness of the test system k 2,1 , these values could be subtracted from the measured point stiffness to give a more accurate estimate of the dynamic transfer stiffness of the fastening. These values could be measured by replacing the test system with a very soft spring and repeating the dynamic stiffness measurements, or assuming the effect of preload on the stiffness of the isolation spring is negligible, by suspending the rail under the isolation spring and measuring the stiffness of this system with no preload.
It should be noted that the measured stiffnesses are complex, and that there is a change in phase between the input force and output displacement at frequencies approaching and beyond the resonance of the system. Therefore when subtracting one complex stiffness from another the phase should be taken into account.
DYNAMIC STIFFNESS MEASUREMENTS OF THE PANDROL VANGUARD SYSTEM
Pandrol measured the dynamic stiffness of their VANGUARD fastening system using the driving point method, and subsequently tested the inertia correction above.
The Pandrol VANGUARD System
The Pandrol VANGUARD system, shown in Figure 5 , suspends the rail under its head on elastic wedge elements, rather than fastening down its foot. Under load, the rail deflects into an air gap beneath the foot, allowing a considerable reduction in stiffness whilst providing adequate control of rail roll and gauge. The static stiffness of the VANGUARD system is approximately 5 kN/mm. This highly resilient system is very effective in isolating the rail from the supporting structure, thus reducing ground-borne vibration in the case of tunnels [7] and secondary noise emission from the support structure in the case of viaducts [8] . 
Figure 4
A model of the total dynamic stiffness of the driving point rig and the components of the stiffness.
Driving Point Testing Rig
The driving point testing rig developed by Pandrol consists of an electromagnetic shaker driven by a sinusoidal signal generator and power amplifier. The shaker is mounted in a support frame as shown in Figure 3 , and is connected to the rail head via a connecting rod and a force spreading plate, with a force transducer mounted between the connecting rod and the force spreading plate to measure the dynamic force applied to the test system. An isolation spring is also mounted between the support frame and the force spreading plate and can be compressed with a hydraulic cylinder to apply a static preload to the system. The baseplate of the VANGUARD system is rigidly attached to the base of the frame. The weight of the rail section used has been reduced to an optimum level in order to raise the frequency at which the system resonance occurs by cutting down the section and forming it from aluminium rather than steel. The vertical acceleration of the rail was measured from the average of the output of accelerometers attached to both cut ends of the aluminium rail section.
Test Method
The VANGUARD system was excited with no pre-load at each 1/3-octave central frequency between 5-400 Hz at approximately 95 dB (ref. 5 × 10 −8 m/s). The complex dynamic point stiffness, k 1,1 , was then calculated from the value of the narrow-band transfer function between the input force and double-integrated output acceleration at the specific excitation frequency. The test was then repeated with 25 kN pre-load applied through the isolator.
Results
The results of the dynamic stiffness measurements of the Pandrol VANGUARD system are shown in Figure 6 . These results show that at low frequencies the dynamic stiffness is constant at approximately 7.0 kN/mm with no preload and 14.5 kN/mm with 25 kN preload. The results exhibit a strong reduction in measured dynamic stiffness at the resonance of the system which is at approximately 100 Hz with no pre-load and 160 Hz with 25 kN pre-load. At frequencies higher than the resonant frequency the response begins to increase with frequency, as dictated by the moving mass of the system. These results show that using the driving point method with complete, high mass and soft assemblies such as Pandrol VANGUARD system gives accurate results only well below the resonance of the test system, in this case only up to approximately 30 Hz.
MEASUREMENT AND APPLICATION OF THE INERTIA CORRECTION
The dynamic stiffness measurements were then repeated with the VANGUARD system removed and the rail suspended under the isolation spring. The results of this Figure 5 The Pandrol VANGUARD System. are shown in Figure 7 and indicate that at low frequencies the dynamic stiffness of the isolator and moving mass is approximately 2.5 kN/mm with a resonance at approximately 80 Hz. Additional measurements with soft rubber blocks under the rail specimen and zero and 25 kN preload applied showed that the stiffness and damping of the isolation spring was independent of preload, therefore it is justifiable to use the 'suspended' measurements in the correction of the dynamic stiffness measurements of the preloaded VANGUARD system. The results of applying the inertia correction (i.e. subtracting the complex dynamic point stiffness of the isolation spring and rail from the complex dynamic point stiffness of the complete system including the VANGUARD assembly) are shown in Figure 8 . These results show a much more frequency independent dynamic stiffness, with good results up to approximately 100 Hz. At higher frequencies the results are still accurate but significantly less precise. Up to 100 Hz, the magnitude of the complex dynamic stiffness of the VANGUARD assembly is on average 5.3 kN/mm with no preload, and 12.3 kN/mm with 25 kN preload.
DISCUSSION
Applying the inertia correction to the complex dynamic point stiffness of the VANGUARD assembly has increased the measurement range significantly from 30 Hz to approximately 100 Hz and beyond, albeit with reduced precision. The reduced precision at high frequencies is caused by control and measurement inaccuracies. By using a dial-controlled analogue signal generator it was impossible to 
Figure 7
Dynamic stiffness of the system with soft rubber blocks replacing the VANGUARD fastening system. ensure that the systems with and without the VANGUARD assembly were excited at exactly the same frequency, especially beyond 100 Hz when the range of the single dial increases logarithmically from 10-100 Hz to 100-1000 Hz. This is compounded by the steep increase in stiffness of the mass-controlled system at high frequencies, since subtracting the stiffness of two systems which were excited at slightly different frequencies gives errors proportional to the square of the frequency. These errors could be reduced by using a digital signal generator which would ensure that both systems are excited at exactly the same frequency.
CONCLUSIONS
Measuring the isolated mass controlled component of the complex dynamic stiffness and subtracting it from the measured complex dynamic stiffness of the VANGUARD assembly has more than tripled the frequency range of accurate and precise measurements from 30 Hz to 100 Hz. At higher frequencies the results are accurate but increasingly imprecise. This improvement is likely to be even more significant when the frequency of resonance of the test system is higher than that of the rail mass suspended under the isolation spring, i.e. for stiffer test systems or if the stiffness of the isolating spring can be further reduced. This improved driving point measurement method allows more accurate estimates of the in track performance of highly resilient rail fastenings over wider frequency ranges. Now that this method has been demonstrated to be effective for the driving point method it can be attempted for the more complicated direct method that allows for accurate measurement of the dynamic stiffness of resilient elements with internal mass effects and will ultimately yield even more reliable results. Corrected dynamic stiffness of the VANGUARD assembly.
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